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Abstract 

In this talk we present a field theoretical model constructed in Minkowski M = 1 superspace 
with a deformed supercoordinate algebra. Our study is motivated in part by recent results from 
super-string theory which show that in a particular scenario in Euclidean superspace the spinor 
coordinates 9 do not anticommute. Field theoretical consequences of this deformation were stud- 
ied in a number of articles. We present a way to extend the discussion to Minkowski space, by 
assuming non-vanishing anticommutators for both 9, and 9. We give a consistent supercoordinate 
algebra, and a star product that is real and preserves the (anti)chirality of a product of (anti)chiral 
superfields. We also give the Wess-Zumino Lagrangian Cwz that gains Lorentz-invariant correc- 
tions due to non(anti)commutativity within our model. The Lagrangian in Minkowski superspace 
is also always manifestly Hermitian. 
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I. INTRODUCTION 



There is a considerable amount of discussion in the literature during recent years about 
a possibly richer, nontrivial structure of space-time. In many of the scenarios the space- 
time coordinates x M become noncommutative. The studies of theories with noncommuta- 
tive space-time gained motivation in recent years predominantly form the observation that 
string theories in a background field can be solved exactly and give coordinate operators 
which do not commute l],Q]. The parameter that characterizes the noncommutativity, 
x v \ = G M1/ , is related to the background field, and is just an antisymmetric array of 
c-numbers. However, theories with a c-numbers G Miy suffer from Lorentz-violating effects. 
Such effects are severely constrained [iij] Q] by a variety of low energy experiments jl^ . 
Carone, Zobin, and one of the present authors (CEC) |3] formulated and studied some phe- 
nomenological consequences of a Lorentz-conserving noncommutative QED (NCQED). The 
NCQED formulated in has an underlying noncommutative algebra with 0^ promoted 
to an operator Mly that transforms like a Lorentz-tensor, and is in the same algebra with 
Further studies of NCQED as formulated in Q may be fouud iu Q-Q. 

The aspect of nontrivial commutation relations among spinor coordinates of superspace 
is also being discussed. Interest in supersymmetric noncommutativity has been stimulated 
by some recent work (e.g., Q Q), 

where it was shown that in Euclidean space non- 
commutative supercoordinates could arise from string theory. A number of authors have 
studied j^lj] 0] some field theoretical consequences of deformation of Af = 1 superspace 
arising from nonanticommutativity of coordinates 9, while leaving #'s anticommuting. This 
is possible in Euclidean superspace only. In this talk we present a way to extend the dis- 
cussion by making both 9 and 9 coordinates non-anticommuting in Minkowski superspace. 
The Wess-Zumino Lagrangian Cwz constructed within our model has two extra terms due 
to nonanticommutativity. There is one extra term coming from J d 2 9 $ * $ * $ as compared 
with Seiberg's result in Euclidean superspace for Cwz, which is Lorentz invariant. Our result 
for Cwz in Minkowski superspace preserves the Lorentz invariance and also is manifestly 
Hermitian 1 . 

1 See also Ref. j^l for a more detailed discussion of this work. 
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II. THE NON(ANTI) COMMUTATIVE ALGEBRA 



In constricting our deformed algebra of supersymmetry parameters in Minkowski space 2 , 
we first require that the deformation be symmetric with respect to chiral and antichiral 
coordinates. In Minkowski space, we relate 9 a to 9 a by 9 a = {9 a y. We begin constricting 
the algebra by first defining the following anticommutator, 

{d a ,e f, } = c af) , (2.1) 

where C a ^ is a symmetric array of c-numbers. Then it also follows that 

= 0*0, (2.2) 

where C af3 = (C 130 )^. We further make the following simple choice for the yet unconstrained 
anticommutator of 9 and 9, 

{ft,§ a } = Q. (2.3) 

We chose the commutators of chiral coordinate y^ = x^+i9a^9, and the antichiral coordinate 
y^ = x^ — i9a^9 in such a way that enables us to later write products of chiral fields, and 
products of antichiral fields, in their standard form. Thus we define 

ir,h = o, (2.4) 

[y^h = o. (2.5) 

The choices and results in (I2.1jl - (|2.5j) also constrain the commutation relations of y and of 
y with themselves. The following condition must be satisfied 

[r, y v \ - [y», f] = 4(0^9*9? - C^¥W)oiy^ . (2.6) 

Commutators defined in (|2.1|) - (j2.5|) . and the condition (|2.6|) fix the whole algebra of (x, 9, 9) 
coordinates, and we find that 

{0 a , $>} = C af3 , 9 a ] = iC^a^ft , (2.7) 

{|« ft} = , ft] = iC^9 p a^ , (2.8) 



{0« 9 a } = , [x", x u ] = {C ali 9 a 9 ii - C aP 9 p 9 a )a^a v ^ . (2.9) 

Hence, the space-time coordinates x M do not commute with each other, or with the spinor 
coordinates 9 and 9. 



We follow conventions of Wess and Bagger 
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III. THE STAR PRODUCT 



We operationally define our theory by finding a suitable star-product. A properly de- 
fined star product has to reproduce the underlying noncommutative algebra of deformed 
super symmetry parameter space in its entirety. We require that the star product satisfy the 
reality condition, 

(/i * / 2 ) f = fl * fl (3.1) 

We will limit the star product to being at most quadratic in deformation parameter C a @ . 
This is also the minimum that will allow reproducing the deformed algebra for the superco- 
ordinates. We write down the star product that we use for mapping a product of functions 
fg in noncommutative space to a product of functions in commutative space in the following 
form, 

fg^f*g = f{l + S)g. (3.2) 

Here / and g can be functions of any of the three sets of variables mentioned above, and 
the extra operator S is 



< > ^ (J " o i — * — — * — * 

QaQfQsQ/3 H g QaQ-yQ fjQ ft 

(3.3) 

C af3 C af3 <_ _> ^ ^ ^ 

H ^ \ QaQaQj3Qp — QaQaQpQ p 



—^-QaQfi ^QaQ 

(JotP^J-iS ^_ ^_ _^ _^ (jafSfj^S 
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Here operators Q and Q are the supersymmetry generators of canonical supersymmetric 
theories. The left <— and right — > arrows indicate the direction of the action of operators 
Q and Q. It's easy to verify that the star product presented above indeed reproduces the 
entire noncommutative algebra of supersymmetry parameters, and that it satisfies the reality 
condition (J3.1j) . If / and g are functions only of 0, for example, then the star product takes 



21] 



the following simple form, recognizable from 

C a(3 Q Q 



f(0) * 9(0) 




2 00" 000 
C aP d d 




2 de a d9P dee dee 

where we adopt the following definition: tJ^ = 7 of- of^ = J eJr, 7&i7&j ■ 



(3.4) 
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IV. SUPERCHARGES, CO VARIANT DERIVATIVES, AND SUPERFIELDS 



We can now use (|3.2|) . ()3.3|) . and the canonical definitions of Q and Q to calculate their 
anticommutators. Thus in noncommutative space we obtain 

{Q a ,g^, = -4^a^^, (4.1) 

{Q*,Q $ }. = -4C«o^o* 0$ ^^, (4-2) 
{4,4}* = 2< d A. (4.3) 

Thus, we see that the first two of the above three anticommutators of supercharges are 
deformed from their canonical forms. We can still use the canonical definitions for covariant 
derivatives also, and one can easily verify that their anticommutators are not deformed in 
noncommutative space defined by ()2.7j) - (j2.9|) . 

It is important to note that the anticommutators of supercharges and covariant derivatives 
with each other are not deformed either, 

{D a , Qfs} = {D a , Qp} = {D a , Qp} = {D a , Q $ } = 0. (4.4) 

Hence, we can still define supersymmetry covariant constraints on superfields as in commu- 
tative supersymmetric theory, using the following defining equations for chiral and antichiral 
superfields as before, 

D & $(y,d) = 0, (4.5) 
D a $(y,6) = 0. (4.6) 



On the other 
under Q or Q 



land, from (|4.1j) - (j4.3)) it is also clear that the star product is not invariant 
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281 ]. Therefore, the star product breaks whole of the supersymmetry, and 



neither Q, nor Q are symmetries of noncommutative space described by (|2.7|) - (j2.9j) . 



V. THE WESS-ZUMINO LAGRANGIAN 

Chiral 8), and antichiral 5>(?/, 9) fields as defined by ()4.5|) and ()4.6|) can be expanded 
as a power series in 9 and 9. The series will still have terms with no more than two powers 



5 



of 9 and 9, 

$(y, 9) = A(y) + y/29^{9) + 99F(y) , (5.1) 
$fj, 9) = A(§) + V29ij(§) + 99F(§) . (5.2) 

Then one can use the star product defined by (|3.2|) . (J3.3j) to calculate products of chiral and 
antichiral fields. For a product of two chiral fields we obtain 

$!(y,0) * $ 2 (y,^) = <l> 1 (i/^)$ 2 (y^)-C ,cl/3 ^2/ 3 -detCF 1 F 2 

+ y/WC* [e Pj & la F 2 - ^ 2a F x ) 

+ C^a^^Axd^ ~ d„A 2 d^)] (5.3) 

+ ee[2C ,u, d (t A 1 d u A 2 

with dfj. defined as djdy^ . We can see right away that the right hand side of (j5.3J) is a chiral 
field. Thus the star product maintains the chirality of products of chiral fields, and it can 
be checked that it also maintains the antichirality of products of antichiral fields. One can 



also check explicitly that the reality condition is indeed satisfied: (<3>i * <3> 2 ) = $ 2 * 

We must note that the star product (J3.3j) used in our studies is not associative. However, 
this interesting feature causes little trouble after making a natural modification of the Weyl 
ordering procedure, generalizing it for noncommutative, nonassociative products, 

W(/i(/ a / 3 )) = l[fi(f 2 f 3 ) + / 2 (/i/ 8 ) + M/sA) + /i(/ 3 / 2 ) + /s(/i/a) + /s(/a/i)] 

? (5-4) 

= - J\ihh + hli) + hil.h + hh) + hif.h + MO] . 

and similarly for W((/i/ 2 )/s). One can follow this by Weyl ordering the result in the normal 
way and find that 

W [W( /1C/2/3))] = W [W((/i/ 3 )/s)] = wC/x/a/s) • (5.5) 

Thus we limit our discussion to double Weyl ordered products of fields, and we write down 
the Wess-Zumino Lagrangian with double Weyl ordered terms. We would like to note that 
a similar procedure was introduced by Seiberg in Ref. 2lJ to deal with the fact that the 
star product used in his model was noncommutative. Thus, in Ref. J^lJ the discussion was 
limited to products of fields that were Weyl ordered. 
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We find the following simple result for the Wess-Zumino Lagrangian with one chiral $, 
and one antichiral field $, 



C 



wz 



w 



d 2 99d 2 99 $ * $ 



d 2 e 



d 2 9 



(5.6) 



£(C = 0) - -#detCT 3 - i^detCF 3 + total derivatives . 
3 3 



Here w[ ] means double Weyl ordering, Cwz{C = 0) is the term representing the canoni- 
cal part of the Lagrangian, and F, F are the F-terms in chiral, and antichiral superfields 
respectively. The total derivatives indicated in ()5.6j) arise due to coordinate transformation 
form y, and y to x, and will cancel in the action. 



VI. SUMMARY 

We have studied the consequences of deformation of M = 1 Minkowski superspace arising 
from nonanticommutativity of coordinates 9, and 9. We presented a consistent algebra for 
the supercoordinates, and found a star-product that reproduces all the coordinate commuta- 
tion relations. We used this star product to define multiplication of arbitrary functions. The 
star product developed in our studies is real, meaning it maintains the standard relations 
obeyed by involutions of products of functions. As a consequence, the star product preserves 
the hermiticity of a Weyl ordered product of functions. Any Lagrangian extended to non- 
commutative space using star-products and Weyl ordering will necessarily remain Hermitian. 
Further, the star-product maintains the chirality properties of products of both chiral, and 
antichiral fields. We also made a natural generalization of the Weyl ordering procedure, to 
take into account the interesting feature of nonassociativity of the star product. 

The Wess-Zumino Lagrangian obtained in our model is Hermitian, and gains only Lorentz 
invariant correction due to non(anti)commutativity. We note that only corrections up to 
second order in deformation parameter C are presented in (|5.6j) . Higher order corrections due 
to noncommutativity may very well destroy the nice feature of Lorentz invariance, although 
the Lagrangian will remain Hermitian. 

We will study the problem of formulating a gauge field theory with an underlying alge- 
bra (|2.7p - ([2.9j) in a future work. Another interesting problem is to study if the deformation 
of SUSY coordinate algebra considered in this work can arise from super-string theory. 
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